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1 Problem Setup

There is a tabular episodic MDP M = (S, A,P, R, H, s;) where we assume the reward function R is
bounded within [0, 1] and for simplicity we also assume R is deterministic. In other words, only the tran-
sition probability PP is unknown. We want to find a policy such that the expected regret incurred by this

policy after K episodes is minimized. Given a policy m = (71, ..., Tk ), the regret incurred by this policy
is defined by
def a
Ri S Y (Vi = V™) (@x0),
k=1

where V' denotes the value function and the initial state xy, ; can be either randomized or adversarial.

Remark 1. There exists an optimal policy which is Markov and deterministic (may depend on time t € [H]).



2 Notations and Definitions
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3 Algorithm

Algorithm 1: UCBVI-CH ([1])

1 initialization: @Lh(az, a)=H — h+ 1forevery (h,z,a) € [H] xS x A
2 for episode k = 1 to K do

3 if £ > 1 then

4 L call Algorithm 2 to compute Qy, .(-,-) and Vj,.(-)

for step h =1 to H do

6 L observe state xy, j,

take action ay, ;, = argmax,c 4Qkn(Tk.n, @)

Algorithm 2: Computation of @k(, -) and YN/;C (+)

1 initialization: Qg fr41(2,a) = Vig1(z,a) = 0 and Py(y | z,a) = neW 1 2.9) for every

ng(z,a)
(z,a,y) e Sx Ax S
2 for step h = H downto 1 do
3 for every state-action pair (x,a) do
4 if (,a) = (Tx—1,1h, ax—1,,) then
5 let by (x,a) = 1 H %
6 Qrn(r,a) = R(z,a) + (PrVini1) (2, a) + bi(z, a)
7 else
8 | Qra(z,a) = Qrorn(z,a)
9 for every state x € S do
10 L Vin(x) = min{H + 1 — h,maxee 4 Qrn(z,a)}
Here ¢, is a constant which will be defined when event & is defined.
Remark 2. Algorithm I needs to know the horizon T.
4 Proofs
4.1 Favorable Events
411 &
Given any (x,a,t) € S x A x [T, define i.i.d. random variables X%, ..., X" following the distribution
P(z,a). Let
t x,a
L VEXD In(SAT/d
S¥Y(h,z,a,t) € [H] x S x A x [T], Z—lg() S Py |z a)Vi(y)| < aH n(t/)

yeS

where ¢; is a constant which will be defined later.
By Hoeffding’s inequality (Lemma 12) and a union bound, there exists a constant ¢; such that Pr(&;) >
1-4/4.



412 &

Given any (z,a,y,t) € S x A x § x [T}, suppose i.i.d. random variables X;"*Y ... XY follow the
Bernoulli distribution B(P(y | z,a)). Let

& {V(:c, a,y,t) €S x A x S x [T] satisfying P(y | =, a)t > coH*In(SAT/5),

t z,a,y
. ¢
2o XD < R | >}
where ¢ is a constant which will be defined later.
By Multiplicative Chernoff bound (Lemma 13) and a union bound, there exists a constant co such that
Pr(&) >1-0/4.

413 &

z7a‘7y

Given any (z,a,y,t) € S x A x § x [T}, suppose i.i.d. random variables X;"*Y ... X/"*¥ follow the
Bernoulli distribution B(P(y | z,a)). Let

I {V(m, a,y,t) €S x A x S x [T] satisfying P(y | =, a)t < coH*In(SAT/5),

PP, ¢l _ csHIn(SAT/5)
t - t ’
where c3 is a constant which will be defined later.
By Bernstein’s inequality (Lemma 14) and a union bound, there exists a constant c3 such that Pr(&3) >
1—0/4.



4.2 Main Theorem

Theorem 3. With probability at least 1 — 0, the regret incurred by Algorithm 1 is bounded by

O <H\/SAT1n(SAT/6) + H?S*Aln (;;1) 1n(SAT/5)> .

Remark 4. When T is large, with probability at least 1 — 0, the regret is bounded by 5(H VSAT).

Corollary 5. There exists an algorithm who does not need to know the horizon ' and its expected regret is
bounded by O(HV SAT).

Proof. We leverge doubling trick to design the new algorithm. Denote Algorithm 1 by A(d,T"). Since we do
not know the horizon, a good strategy is to guess. Specifically, we divide the whole time steps into several
episodes and in episode 7, run A(1/2¢,2%) for 2° steps. The algorithm continues until the end of the horizon.

Now we analyze the regret. It is easy to see the expected regret of episode 7 is upper bounded by
O(H\/'SA27). Let I be the minimum integer such that Zfil 2¢ > T. And we have 2/ < T + 2. Hence the
total expected regret is upper bounded by

I
> O(HVSA2) = O(HVSA2T) = O(HVSAT).
=1

Remark 6. The optimal upper bound is O(VHSAT) [1]. And the lower bound is Q(v/HSAT) [3].

Proof. The following arguments are conditioned on event £ def E1NEy N E3 N Ey, where &4 is defined later.
And for simplicity, we use ™ = (71, ..., 7k ) to represent Algorithm 1.
We first prove that the estimated ()-value function (), 5, is optimistic.

Lemma 7. For every (k,h,x,a) € [K] x [H] X § X A, it holds that
@hh(ac,a) > Qr(x,a).
Corollary 8. For every (k,h,z) € [K] x [H] x S, it holds that ?kh(x) > V¥ (x).
Proof. Fix (k,h,z,a) and note that
Qun(@,a) = Qh(w,0) = BiVinar)(w,a) = (PVi)(, a) + bi(, 0)
= Be(Viner = Vi) (@, 0) + (B = PV (. a) + bi(, 0)

By event &, we have |(P; — P)Vyi  (7,a)] < bg(x,a). Using mathematical induction, we prove this
lemma. O

With optimistic guarantee, we can give a direct upper bound of R7% . Note that
K

k=2 (Vi = V™) (ana)

(Vier — V™) (251



where we have defined 0, = (Vi — V™) (k).
The next step idea is to rewrite 0y j, using oy, ,+1 and then use recursion to calculate an upper bound of
sz1 Ok, h- We first show

Lemma 9.
Seh = (B = P)Wiss1) @hns @) + (P Vi1 — Vi) @ho s @p) — Okn1) + Ok it + bk (Th s ain)
The idea to write in this way is that the expectation of (]P)(‘A}k’h+1 — V,fjl))(xk,h, agp) — gk,h+1 is 0
conditioned on history Hy, Tk 1,0k 1, -, Tk.h-
Proof. Just note that
Sk = Vien(@rn) — Vi (zen)
= (@k‘?k,thl)(xk,hv arn) — PV ) (@kny arn) + br(2kny akp)
= (Pt — P)Vins1) (@i arp) + (Vi — ViE ) (@hons i) — Oor1) + O prt + bi(@p, arp)
]
We next focus on bounding R B
(Px = P)Vi 1) @k, k) (1)

and show

Lemma 10 (One Step Transition Probability Error).

In(SAT/5)

1~
() < =0k nt1 + 1 H

H ™ N (Zho b, Ok 1)
1

+ ((P(Vk,hﬂ — Vi) (@r s arn) — gk,h+1> +

max{ce, c3} H2S In(SAT/9)
k(T by Ak, '

Remark 11. There exists an easier way to bound (1) which leavages Holder’s inequality to derive

) < || @ = P)@rnarn)|), - |[Finsa]|
and then uses the inequality in [4] to bound the {1-norm deviation of the transition probability. Using this
method will lead to an extra \/'S in the final conclusion.

Proof. Rewrite (1) we have
(1) = ((Pe — P)Vii1) @eps ann) + (Be = P) (Vi1 — Virp1)) (@ ps ann) (2)
(1) (1)
Consider (I) first. Note that

(n=>y (ﬁk(y | @hohs an) — Py | 2k, ak,h)) Vi (y)

yeS
= [ DoPely | wrm arn) Vi @) | = [ DB | @kns arn) Vi (v) 3)
yeS yeS



The first part of (3) can be seen as the empirical mean of ZyES P(y | 2k ns ar,n) Vi (v) after ng (g p, ag.n)
trials. By event £, we conclude that

In(SAT/d)
| <caH . 4)
(D] < e \/1 V (T Or,h)
We now take care of (I7). Note that
(In=> (@k(y | Thohs an) — Py | Zhyp, ak,h)) (Vi1 — Vi) () 5)
yeS

Let S’ be the set of states such that
P(y | @p, arn) (1 V ng(@pp, ann)) = c2H? In(SAT/S).

Rewrite (5) we get

1~
(II) < E5k,h+1

. - 1~
+ ) Py [ Trp arp) =P | 2rns akn)) Vit — Vi) (y) — 27 0kh1
yeS’
(ITT)
> (Bely lwn ann) = Py |z arn)) (Vene = Vi) @), ©)
ye(S—5)
(av)
where we have used V,'F, (y) < V", (y). Due to event &, we have
) < 2 P Vi “k 5
) < > Py | wen aen) Vi — Vi) (@) = Ok
yeS’
1/, ~ _ _
< T ((]P)(Vk,h—l-l = Vi) @k ps akp) — 5k,h+1> (7)
. . . . 2
Eext we upper bound (/). By event &3 and plugging in inequality P(y | xj 4, axn) < %m, we
ave
(V) csHSIn(SAT/8)  coH?SIn(SAT/6)
T AVng(xpnarn) 1V ng(@gn, agn)
< max{ce, c3} H2S In(SAT/9)
- LV ng(2k,n, ak,n)
Plugging in upper bounds of (I), (I11),(IV) to (1), we prove this lemma. O

Combining Lemma 9 and Lemma 10, we get

_ 1\ ~ 1 _ _ _
Ok,h < (1 + H> Ok,ht1 + <1 + H> (P(Vienr1 — Vi) (@r,ny @kn) — Okhy1)

2
o H In(SAT/9) N max{ca, c3 ) H*S In(SAT/9)
LV ng(xkn, ar,n) LV ng(xkn, arn)



Hence

K ~ 1 H K H
;5k,1§<1+H) [ZZ (Vessr = Vi) (@ ps @) = Okng1)

k=1h=1

-~

(%)

In(SAT/5) 5 I H2SIn(SAT/S)
4+ 2c1H + max{co, ¢
! ;hz:l 1V ng(xkh, akpn) xiez 3};; LV ng(zk.p, ak,n)
S H + (%) + H(xx) + (%% %). ®)

(*) can be seen as a martingale with & H random variables and satisfies H-Lipschitz. By Azuma’s inequality
(Lemma 15), with probability at least (1 — §/4), it holds that

)| < HIn(1/6)T. ©)]

And this defines event £4. Let KC be the set of (k, h)’s such that ny, j,(zk p, arp) = 0. Hence |[K| < SA.
Rewrite (xx), we have

nK(:E a)
(#x) < SA\/In(SAT/S) + SAT/5

(xa JESXA t= 1
< SAVI(SAT/S) + /In(SAT/6) - Y /nk(z,a)
(z,a)ESX.A
< SA\In(SAT/6) 4+ /SAT In(SAT/6), (10)

where the last inequality is due to Cauchy—Schwarz inequality. Using a similar way, we get

M) 261y SAT/&)

(x % %) < SA\/In(SAT/S) + Z
(z,a)eSxA =1

< SAVIn(SAT/S) + H*SIn(SAT/6) > In(nk(z,a))

(z,a)eSxA

< H252A1n< T > In(SAT/6), 1)

SA

where the last inequality is due to Jensen’s inequality applied to In(-) function. Putting back (9), (10), and
(11) into (8), we prove this theorem. O



5 Probability Tools

The following lemma states Hoeffding’s inequality.

Lemma 12. Let X1, Xs, ..., Xy be independent random variables bounded by [0, M]. Let X = Zle X;.
For every € > 0, it holds that

2¢2
Pr (| X —EX| >¢) <2exp (_]\42> .
The following lemma states a weak Multiplicative Chernoff bound.

Lemma 13. Ler X, Xo, ..., X; be independent random variables bounded by [0,1]. Let X = Zle X;.
For every € € |0, 1], it holds that

Pr(X > (14 ¢)EX) < exp <—€2EX) .

3
The following lemma states Bernstein’s inequality.

Lemma 14. Ler X1, Xo, ..., X; be zero-mean independent random variables bounded by [—M, M]. Let
X = 3!, X,. For every ¢ > 0, it holds that

Pr(X >¢) <exp|— %62
B > i EIX7] + g Me

Assuming X = 0, a martingale (X7, ..., X}) is c-Lipschitz if | X; — X;_1| < ¢; where ¢ = (¢q,. .., ¢).
The following lemma states Azuma’s inequality.

Lemma 15. (/2]) If a martingale (X1, ..., X}) is c-Lipschitz, define X = Xy, then for every € > 0, it holds

that
2
Pr(| X —EX|>¢) <2exp| ——— |,
2 Zle c;
where ¢ = (c1,...,¢t).
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